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Abstract The influence of the internal structure of inho-
mogeneous particles on their radiative properties is an
open issue repeatedly questioned inmany fields of science
and technology. The importance of a refined description
of the particle composition and structure, going beyond
mean-field approximations, is generally recognized. Here,
we focus on describing internal inhomogeneities from a
statistical point of view. We introduce an analytical de-
scription based on the two-point density-density correla-
tion function, or the corresponding static structure factor,
to calculate the extinction cross sections. The model
agrees with numerical predictions and is validated exper-
imentally with colloidal aggregates in the 0.3–6 μm size
range, which serve as an inhomogeneous model system
that can be characterized enough to work without any free
parameters. The model can be tightly compared to mea-
surements with single particle extinction and scattering
and spectrophotometry and suggests a simple behavior for
90° scattering from fractal aggregates as a function of
extinction, which is also confirmed experimentally and
numerically. We also discuss the case of absorbing parti-
cles and report the experimental results for water suspen-
sions of black carbon for both the forward and 90° scat-
tering properties. In this case, the total scattering and the
extinction cross sections determine the single scattering
albedo, which agrees with numerical simulations. The
three parameters necessary to feed radiative transfer
models, namely, extinction, asymmetry parameter, and
single scattering albedo, can all be set by the analytical
model, with explicit dependence on a few parameters.
Results are applicable to radiative transfer problems in
climate, paleoclimate, star and planetary formation, and
nanoparticle optical characterization for science and in-
dustry, including the intercomparison of different optical
methods such as those adopted by ISO standards.
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Dust, powders, and micro- and nanoparticles of natural
and anthropogenic origin have been the subject of exten-
sive research due to their ubiquity and potential industrial
applications. In particular, the optical properties of dust
are paramount in our understanding of a widespread class
of systems, such as the influence of eolian dust on climate
balance and remote sensing (Mishchenko et al. 1995;
Claquin et al. 1998; Bigler et al. 2011; Kemppinen
et al. 2015; Wu et al. 2016; Doner and Liu 2017), dust
grains in the solar system, protoplanetary accretion disks,
and star-forming clouds (Bazell and Dwek 1990; Kozasa
et al. 1992; Stognienko et al. 1995; Fogel and Leung
1998; Voshchinnikov et al. 2000; Shen et al. 2008;
Köhler et al. 2011; Ormel et al. 2011; Kataoka et al.
2014; Min et al. 2016). Other examples range from the
systems at the nanoscale exploited for emerging bottom-
up approaches to pharmaceutics and drug delivery (Rossi
et al. 2002; Hertlein et al. 2008; Bonn et al. 2009) to the
large scale of cosmic intergalactic dust (Ysard et al.
2015). In some cases, optical properties can be responsi-
ble for driving physical and chemical processes that
modify dust, impacting on emissivity, temperature, or
composition (Henning and Stognienko 1996; DeMott
et al. 2003; Draine 2003; Kaufman et al. 2005; Ricci
et al. 2010; Miotello et al. 2012).
Three general cases where optical properties are the
cornerstones of the analysis can be identified:
i) Interpreting data from optical instruments based on
the measurement of light emitted by one or a collec-
tion of particles
ii) Interpreting data from light scattering in dust clouds
iii) Modeling physical systems where the light is emit-
ted, scattered, and possibly absorbed by dust grains
Essentially, dust’s radiative properties rely on the size
distribution and chemical composition of the grains.
However, it is generally accepted that even a precise
knowledge of the size and polarizability of the compo-
nents of a particle is far from being enough to estimate
its optical properties; this applies especially to particle
sizes close to the radiation wavelength (Nousiainen et al.
2011; Ysard et al. 2018; Walters et al. 2019). Many
parameters introduce considerable effects: shape, and
therefore orientation, surface roughness and coating
(Drossart 1990), internal structure, porosity, and fluffi-
ness (Mattila 1970; McGuire and Hapke 1995; Lehtinen
and Mattila 1996; Foster and Goodman 2005; Pagani
et al. 2010; Steinacker et al. 2015). For example, ab-
sorption in a dust grain is a property for which its
chemical composition only gives a rough estimate,
mainly due to the influence of surface and density
inhomogeneities. Similarly, changes in the optical prop-
erties of dust grains due to their internal structure depend
on whether they are dielectric or absorbing
(Voshchinnikov et al. 2000; Sorensen 2001; Bohren
and Huffman 2008; Sorensen et al. 2018).
The introduction of numerical computation tools such
as the T-matrix (Mishchenko et al. 2013) or the discrete
dipole approximation (DDA) (Purcell and Pennypacker
1973; Penttilä et al. 2007; Yurkin and Hoekstra 2011; Liu
et al. 2018), as well as technology advancements, brought
a significant increase in precision and a decrease in com-
puting time. However, in real cases, dust is intrinsically
multi-component, evolving with time, and highly polydis-
perse in size, so that computations should be steadily
updated. The current uncertainties about the effects of
eolian dust on the Earth atmosphere provide a good
example: the time evolution of size, coating, and internal
mixing is demanding in terms of numerical simulations
(Stocker et al. 2013). The problem of assigning optical
properties to dust clouds is, therefore, often simplified:
particles are modeled as spheres following the Lorenz-
Mie approach, and the particle polarizability is approxi-
mated by assuming the mean-field approximation (MFA)
(Chylek et al. 1988; Bohren and Huffman 2008) or by
using standard optical parameters (e.g., see Albani et al.
(2014) and references therein). Alternatively, introducing
parametrizations that are numerically much cheaper than
the Mie expansion can strongly reduce computation times
(Ghan and Zaveri 2007). However, many authors have
called into question the validity of these assumptions,
concluding that they should be discussed for each specific
case (Pollack and Cuzzi 1980; Mishchenko et al. 1995;
Nousiainen et al. 2011; Sorensen et al. 2018).
In this work, we discuss the effects of internal struc-
tures on the main optical properties of scatterers com-
posed by several submicron components. In Sect. 2, we
introduce an analytical model relying on a statistical
description of the two-point correlation function of the
polarizability within the scatterer and compare it to
standard approaches in the existing literature. We focus
on the extinction and scattering cross sections and the
angular distribution of the scattered intensity, providing
evidence that the whole set of parameters needed to feed
the radiative transfer models can be obtained. With this
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analytical approach, it is possible to reduce the compu-
tation time to a minimum while keeping the explicit
dependence on parameters such as the wavelength λ.
In Sect. 3, we use the model to describe the scattering
properties of fractal structures composed by spherical
monomers. This system is produced under well-
controlled conditions, is general enough to be of interest
as a case example for many applications, and can be
fully characterized with optical methods.
We compare three approaches to describe the aggre-
gates (see Fig. 1):
i) The fractal structure
ii) A hybrid model where each aggregate is described
as a collection of randomly distributed monomers
(i.e., neglecting the arrangement of the monomers)
iii) The mean-field approximation (MFA) or
Maxwell-Garnett (MG) model
The same structures have been characterized with
extensive numerical simulations, described in Sect. 4,
with many parameters kept under control. We made use
of the discrete dipole approximation code ADDA
(Yurkin and Hoekstra 2011) for calculating the optical
properties for hundreds of thousands of aggregates over
an extended size range, from tens to thousands of mono-
mers, with given internal structures and optical proper-
ties of the monomers.We compare the predictions of the
models and the results of numerical simulations to ex-
perimental data in Sect. 5. On the theoretical side, we
compare our model to the Rayleigh-Gans-Debye (RGD)
description, showing that our model can be considered
an extension of a modified Carr-Hermans method
introduced some years ago to describe the turbidity of
a fractal system based on low angle light scattering
(LALS) (Ferri et al. 2015). On the experimental side,
we validated the model by comparing it to measure-
ments of water suspensions of colloidal fractal aggre-
gates; the samples have been studied with LALS (Ferri
et al. 1988, 2004; Carpineti et al. 1990; Fernández-
Barbero et al. 1996) and near-field scattering (NFS)
(Mazzoni et al. 2013; Cremonesi et al. 2020b), provid-
ing the static structure factor and the phase lag of the
scattered waves (Potenza et al. 2010a). These measure-
ments combined provide an overconstrained set of pa-
rameters whereby to test the model predictions without
any free parameters. Specifically, we measure the com-
plex amplitude of the forward scattered field, S(0), with
the SPES method (Potenza et al. 2015c), and the 90°
scattered flux, F(90), integrated over a solid angle Ω ≃
0.3 sr, as described in detail in Cremonesi et al. (2020a).
We also measured the spectral extinction, Cext(λ), of a
suspension of aggregates with a UV-VIS-NIR spectro-
photometer (Shimadzu 1900). We conclude the experi-
mental section by reporting the results from a water
suspension of uncalibrated black carbon aggregates,
fitting our model to experimental data. We finally dis-
cuss applications and perspectives in Sect. 6, which is
devoted to the conclusions.
Analytical model
In this section, we aim at describing a variety of cases,
including fractal aggregates, which represent a model
aggregate system to be experimentally compared to the
Fig. 1 Schematic of the morphologies used for simulations and
the analytical model in Figs. 3,4, 5, and 6: (a) fractal aggregate
(here N = 1150, a = 0.05 μm, Rg = 2.45 μm, and df = 1.77); (b)
corresponding cluster of uncorrelated monomers of radius R =Rg
and same a, N; and (c) equivalent homogeneous sphere following
the mean-field approximation with R = Rg
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predictions of theoretical models. We report the funda-
mental relations for the complex amplitude of the for-
ward scattering, S(0), by extending the expressions
reported in Parola et al. (2014) to include the effects of
correlations for the scattering of an incident plane wave.
The relevance of this quantity lies in the fact that it is
related to the total extinction cross section, Cext, by the
optical theorem (Newton 1976; Van de Hulst 1981).
Cext ¼ 4π
k2
Re S 0ð Þ ð1Þ
where k = 2πn0/λ is the wavenumber of the incident
radiation, λ the radiation wavelength in vacuum, and
n0 is the refractive index of the surrounding medium.
Hence, Cext is proportional to the real part of the com-
plex dimensionless amplitude of the forward scattering,
a quantity that can be measured with the SPES method
(Potenza et al. 2010b, 2015c). The reader might also
refer to Table 2 in the Supplementary Material, where
we summarize the nomenclature used in this work. The
model we introduce hereafter gives the S(0) of particles
with structural inhomogeneities, statistically described
by the two-point correlation function of the microscopic
polarizability, which in turn is related to the static struc-
ture factor, Ss(q).
Let α ¼ a3 m2−1m2þ2 be the (complex) polarizability of a
particle falling in the Rayleigh regime, which we can
assume to be a spherical monomer of radius a. The
forward scattering amplitude for an ensemble of N pri-
mary particles can be expanded to second order in the
dimensionless term αk3, while α is related to its relative
refractive index, n, by the Clausius-Mossotti equation,
wherem = n/n0. The analytical derivation reported in the
Supplementary Material gives the following result:
S 0ð Þ ¼ −i Nα k3 þ C1 Nαk3
 2 þ i C2 Nαk3 2 ð2Þ
Factors C1 and C2 are independent of α and N and
result from integrating the form factor of the monomer,
P(qa), and the static structure factor of the
aggregate, Ss(q) as follows:
C1≔2∫
1





∫∞0 dxP 2xkað Þ Ss 2xkð Þ 4x4−
8
3




where the integration variable is x = q/2k. We high-
light that the first term in Eq. (2) does not depend on
the structure of the particle and corresponds to
assuming that the scattering amplitudes of all the
non-interacting dipoles add coherently; i.e., the ag-
gregate behaves as a single dipole of polarizability
Nα. In this respect, there is a manifest similarity with
the Rayleigh and the Rayleigh-Gans scattering (Van
de Hulst 1981; Bohren and Huffman 2008; Villa
et al. 2016). The effects of spatial correlations be-
tween monomers only appear in the second-order
expansion terms: C1 and C2 depend on the size of
the aggregate and the arrangement of the primary
particles in the aggregate.
From Eqs. (1) and (2), we can derive the expression
for the extinction cross section of aggregates with a
given statistical description of the corresponding form
and structure factors. It is straightforward to separate the
real and imaginary part for purely dielectric particles.
While Im S 0ð Þ contains both first- and second-order
terms in Nαk3, Re S 0ð Þ is given by the second-order
term only. Correlations do not affect Im S 0ð Þ appre-
ciably, while they play a major role in Re S 0ð Þ, and
Cext = 4πC1(Nαk
3)2. The case of dielectric particles is
particularly significant: the first-order term alone would
not be enough to describe scattering, since it would give
a paradoxical Cext = 0 (Van de Hulst 1981).
Theoretical models
In the following section, we detail the expression in
Eq. (2) for different choices of Ss(q) and discuss how
the physical description of the internal structure of
the aggregate or cluster affects the real part of S(0).
The model predictions are in good agreement with
experimental and numerical results in all cases (see
Results). The behavior of Im S 0ð Þ versus Re S 0ð Þ
for a set of particles with different morphologies, but
characterized by the same parameters, is studied
below.
Fractal aggregates
The model in Eq. (2) is validated with experimental
results obtained with colloidal aggregates formed under
controlled conditions (Schaefer et al. 1984) that allow
constraining the model predictions without any free
parameter. Fractal aggregates have been studied for
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decades with optical methods, which provide precise
measurements of the structure factor, Ss(q), such as
LALS in colloidal physics (Weitz and Lin 1986; Lin
et al. 1989; Carpineti et al. 1990; Ferri et al. 2004). As
discussed in the literature (Sorensen 2001), the structure
factor can be fitted by several functions that depend on a
small set of parameters, such as the number of primary
particles (N), the fractal dimension (df), and the gyration
radius (Rg). These parameters occur in a scaling rela-
tionship that summarizes the fractal nature of such ag-
gregates (Bushell 2002). If all the primary particles are
of the same size, this relation reads:
N ¼ k0 Rg=a
 d f ð4Þ
where a is the radius of the primary particles
(monomers) and k0 is a constant prefactor of the order
of unity, which in turn is related to df (Sorensen and
Roberts 1997; Gmachowski 2002).
In this work, we have characterized the static struc-
ture factor of fractals by LALS and NFS measurements,
which provide us with a statistical description of Ss(q) as
required by our model, and we use standard calibrated
polystyrene spheres; thus, P(qa) is determined.
In general, knowing Ss(q) is not enough to also
extract Cext, except for purely dielectric particles. We
note that Csca(λ) = Cext(λ) if absorption in the system
is negligible. This case is at the core of a modified
Carr-Hermans method (Carr and Hermans 1978)
aimed at studying the spectral extinction of a network
of scatterers, namely, fractal aggregates and fibrin
gels (Ferri et al. 2015). Similarly to what is reported
here, such a model relies on Ss(q) to describe the
internal structure of the system. The structure factor
was characterized independently with LALS while
also taking into account the radiative properties of
the structures. The turbidity, strictly related to the
average Csca(λ), was measured with a spectropho-
tometer and compared with LALS turbidimetry data
overall the visible spectrum.
In this picture, the Debye model gives a practical
expression for evaluating the scattering cross section:
Csca ¼ 8π Nαk3




where x ¼ sin θ2. Notably, this result is formally the
same following from Eq. (2) if the polarizability is real.
The structure factor appearing in Eqs. (3) and (5) is
related to the scattering phase function, p θð Þ ¼ S θð Þj j
2
k2Csca
. What is relevant about this quantity is that, ac-
cording to the RGD approximation, Ss(q) gives the light
scattering differential cross section. From this, the asym-
metry parameter, g = 〈∫p(θ) cos θdΩ〉, is obtained by its
definition, evaluating the integral over the whole solid
angle and tak ing an or ien ta t iona l average
(Chandrasekhar 1960; Mishchenko 1994; Andrews
et al. 2006; Emde et al. 2016).
The appropriate expression of Ss(q) has been
discussed extensively in the literature, and several pro-
posals have been put forward (Sorensen 2001). All the
available analytical expressions have some features in
common: they are almost flat at qRg ≪ 1 and follow a
power law at qRg ≫ 1 behaving as qRg
 −d f . In the case
of sparse aggregates, the Debye formula gives an ana-
lytic expression for Ss(q), which also includes rotational
averages:







where the indexes run over the number of monomers i,
j = 1, …, N.
In view of a general approach that does not rely on
numerical simulations, internal inhomogeneities can be
easily described statistically by adopting the static struc-
ture factor. Here, we refer to the form given by Sorensen
et al. (2018):













where F1, 1 is the hypergeometric function. Using this
expression in Eq. (2) gives rise to an interestingly simple
relationship betweenRe S 0ð Þ and Im S 0ð Þ since they
both scale almost linearly with N. This is not straight-
forward from Eqs. (2) and (7); therefore, we can use a
simplified form of Eq. (7) for the sake of clarity. Let us
roughly represent Ss(q) by the expression (Sorensen
2001):




 d f  ð8Þ
where the first contribution is the self term due to scat-
tering from single monomers, while the second term
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accounts for the scattering from pairs of monomers. By
taking N−1N ∼1 and kRg→∞, we obtain
Re S 0ð Þ ¼ N αk3 2 a1 þ Ck0 b1−b2C 2−d fd f Rga
 	d f−2 !" # ≈N αk3 2 a1 þ Ck0b1½  ð9aÞ
Im S 0ð Þ ¼ −Nαk3 1þ a2αk3
  ð9bÞ
where a1 and a2 only depend on ka, while b1 and b2 are
dimensionless functions depending on ka and df, but not
on Rg. In our case (k = 13.18 μm
−1, a = 0.05 μm, df =
1.75), they assume the values a1 = 0.56, a2 = 1.067, b1 =
4.22, and b2 = 4.03. Notice that the term proportional to
b2 in Eq. (9a) vanishes as Rg/a ≫ 1: ReS(0) scales almost
linearly with N; thus, jIm S 0ð Þj is proportional to
Re S 0ð Þ. Notably, this relationship does not depend
on the fractal dimension, as opposed to the case of the
MFA (see below).
In the previous case, we restricted to particles with
real polarizability to compare the model predictions to
the measurement of non-absorbing colloidal particles.
However, the model in Eq. (2) can satisfactorily de-
scribe particles with complex polarizability as well,
provided that the dimensionless polarizability, which
acts as an expansion term, is small: ∣α k3 ∣ ≪ 1. It is
the case of strongly absorbing fractal aggregates such as
soot. Since these particles have a fractal morphology,
we can use the expression in Eq. (7) and introduce the
appropriate complex polarizability. Here, we consider
n = 1.8 + i 0.3 (see Fig. 6 below), which gives αk3 =
0.014 + i 0.008 according to the Lorentz-Lorenz formu-
la. Again, the model foresees a slope close to 1, in good
agreement with simulations and experimental data.
Uncorrelated monomers
To move towards a simpler picture of an aggregate or
composite particle, we introduce a set ofN uncorrelated,
non-overlapping monomers of radius a, and polarizabil-
ityα, randomly distributed within a sphere of radiusR =
Rg, where Rg is the radius of gyration of the correspond-
ing fractal particle. Although the arrangement of the
monomers in the aggregate is disregarded, the structure
is still characterized by two length scales defined by a
and Rg, respectively. In the low-density limit, Na3≪R3g
the structure factor becomes







where the first contribution is the self term related to the
scattering from single monomers arising from the non-
overlapping condition as in the case of fractals, while the
second is the distinct term and refers to the scattering
from pairs of monomers confined within the sphere. By
inserting Eq. (10) into Eqs. (3) and taking (N − 1)/N~1,
we obtain:
ReS 0ð Þ ¼ N αk3 2 a1 þ Na3½ ≈N αk3 2a1 ð11aÞ
Im S 0ð Þ ¼ −Nαk3 1þ a2αk3
  ð11bÞ
where a1 = 0.56 and a2 = 1.067 are the same as in Eq. (9)
only depending on ka, whereas a3 depends on both ka
and kRgand varies from ~3.3 · 10
−2 to ~6.3 · 10−3 for N
ranging from 50 and 5000. The two second-order terms
appearing in Re S 0ð Þ come from the integral of the
corresponding self and distinct terms in Ss(q). While




g if df < 2 (see Supplementary Material); thus,
for large kRg, the first term leads and ReS(0) scales as N.
As toIm S 0ð Þ, the first term is given by the first-order
contribution Nαk3 already seen in Eq. (9b), while the
second-order term (a2αk
3~3.75 · 10−2) arising from the
integral is much smaller. Since a2 is independent of Rg,
Im S 0ð Þ is proportional to N. Hence, Im S 0ð Þ scales
linearly with Re S 0ð Þ for kRg ≫ 1.
Mean-field Approximation: the Maxwell-Garnett
model
Finally, it is instructive to quantitatively compare the
previous cases to the predictions of the MFA, perhaps
the most widespread approach in many applications.
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This approximation gives an estimate of the effective
polarizability of any internally mixed, non-compact, or
non-homogeneous particle (Markel 2016). Depending
on the specific hypotheses and field of application, it is
named Maxwell-Garnett, Bruggeman, or Lorentz-
Lorenz formula. TheMG formula is preferred whenever
one of the two components is predominant with respect
to the other, and therefore acts as a matrix in which
particles are embedded. Fractal aggregates can be
regarded as a volume of water (or air) that includes
many monomers forming branches (Sorensen 2001).
For the sake of convenience, we report the explicit form











where m = n/n0 and n0 is the refractive index of the
surrounding medium, water in the present case.
In this framework, it is customary to represent the
cluster as a homogeneous medium of polarizability Nα,
confined within a sphere of radius Rg, as in the previous
case (Sorensen 2001). This picture corresponds to the
limit ka→ 0 while taking N→∞. From a microscopic
standpoint, this is equivalent to separating the molecules
of the monomers and spread them homogeneously with-
in a volume defined by Rg. Thus, compared to the
previous cases, the information about the monomer
radius is lost as is the self-contribution in the definition
of the structure factor. Therefore, P(qa) = 1, while the
structure factor reduces to Ss(q) = P(qRg), where
P xð Þ ¼ 9
x6
sinx−xcosxð Þ2 ð13Þ
Thus, for large clusters (kRg ≫ 1), the integrals in Eq.
(3) can be performed analytically, with the result:





Im S 0ð Þ ¼ −Nαk3 ð14bÞ
where the contribution of correlations to the imaginary
part is negligible. The following scaling relation can be
derived (Sorensen 2001; Potenza and Milani 2014).
jIm S 0ð Þj∼Re S 0ð Þd f = 2d f−2ð Þ ð15Þ
This scaling law obtained from the MFA is in open
contrast with the result reported above for the aggre-
gates, where Re S 0ð Þ and Im S 0ð Þ are both propor-
tional to the number ofmonomers and the slope does not
depend on df. This discrepancy is a marked qualitative
and quantitative difference between the two approaches.
Numerical simulations
We incorporate the results of extensive numerical sim-
ulations for S(0), Cext(λ), and F(90) into our analysis, in
addition to the model validation against experimental
data. In silico fractal structures were generated by using
an algorithm similar to Brown et al. (2010) and Ringl
and Urbassek (2013) (case 3.1 above, Fig. 1a). Mono-
mers are added sequentially at neighboring, random
positions, while chains are randomly branched until
the desired number of monomers is reached. Thus,
aggregates can be easily grown with the desired fractal
dimension that can be tweaked by varying the compact-
ness of the structure. Once the position of every primary
particle is set, the particles are discretized in small cubes
(seeMoteki (2016)), and the scattering amplitudes of the
clusters are then computed. Specifically, we made ex-
tensive use of the open-source code ADDA, a C99
implementation of the DDA method based on FFTW3
routines (Yurkin and Hoekstra 2011). Following the
documentation guidelines, according to which the ratio
of dipoles per wavelength (dpl) should be larger than ~
10|m|, we set dpl = 30.4, 43.4, and 50.6 for monomers
100, 70, and 60 nm in diameter, respectively, resulting
in 15.7, 11.0, and 9.4 nm spacing in the dipole lattice,
respectively. We generated about 104 in silico aggre-
gates with masses ranging between ~ 50 and ~ 5000
monomers, 100 nm in diameter, and Rg from ~ 0.3 to
~ 6 μm. We ran many MPI ADDA simulations for each
given conformation to calculate rotational averages (the
case of 70 nm monomers has also been studied); a total
of approximately 1018 floating-point operations have
been employed to the aim, using the computation cluster
at the Physics Department of the University of Milan.
Simulations also give the structure factor of the
resulting structures. In Fig. 2, we show the average
Ss(q) of a population of particles similar to the one
shown in Fig. 1a. The gyration radius of the particles,
Rg = 2.45 μm, gives the position of the cutoff and is in
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good agreement with the Guinier approximation, which
gives the low q limit of the spectrum, Ss(q)~1 – q
2Rg
2/3.
As expected, the high q tail of each spectrum (qRg ≫ 1) is
affected by the orientation of the aggregate, but variabil-
ity cancels out when averaging many configurations.
The overall trend of the spectrum follows Eq. (7)
(dashed line), and the agreement with the approximation
in Eq. (8) (blue, dash-dotted line) is still satisfactory,
especially at large q. As a cross-check to verify that
numerical simulations correctly describe light scattering
by fractal aggregates, we recovered the structure factors
experimentally: the agreement is very good with both
the expected behavior and the experimental LALS and
NFS results (Cremonesi et al. 2020b).
The fractal dimension of each aggregate can be eval-
uated by counting the number of monomers inside a
sphere of increasing radius centered on the center of
mass; we find df ≃ 1.75, in agreement with the slope of
the structure factors. Interestingly, we can use this com-
parison also to set the prefactor k0 ≃ 1.2, which agrees
with typical values found in the literature (Gmachowski
2002; Lattuada et al. 2003; Heinson et al. 2012). In
principle, the fractal dimension can also be calculated
by df = ln(N/k0)/ ln(Rg/a). We note that, due to the log-
arithmic relation, the effect of the prefactor k0 on the
fractal dimension is not critical in the present case. For
example, assuming k0 = 1 would give a fractal dimen-
sion df = 1.8, very close to 1.75.
We also analyze the results of simulations obtained
for uncorrelatedmonomers (case 3.2 above, Fig. 1b). By
means of ADDA, we simulated populations of objects
with a random distribution of non-overlapping spheres,
characterized by the same set of parameters of the cor-
responding fractal structures, thus changing the mono-
mer spatial distribution only. The filling factor has been
calculated from the fractal dimension df and by assum-
ing a spherical shape for the aggregate. With the same
criteria, a homogeneous spherical particle deriving from
theMGmodel (case 3.3 above, Fig. 1c) can be related to
each fractal and uncorrelated particle, thus obtaining a
triplet of particles with a different morphology but de-
scribed by the same set of parameters, which give the
same particle density (or volume fraction).
Results
We report experimental results of SPES, spectropho-
tometry, and 90° light scattering measurements on col-
loidal fractal aggregates, thus accessing the complex
amplitude S(0), Cext(λ) and F(90), respectively. Model
predictions are compared to independent optical mea-
surements without any free parameter, except for the
number concentration in the spectrophotometry mea-
surements, which introduces one multiplicative normal-
ization factor. The sample preparation followed a well-
established procedure, reported in the Supplementary
Material. The fractal dimension of the particles in our
samples and the Ss(q) were characterized with LALS
and NFS. The latter gives access to the static structure
factor of the population of particles up to q~4 μm−1,
which is enough to yield an independent measurement
of the fractal dimension from the slope of the spectrum
at high q (q > 1 μm−1). We refer the reader to Ferri et al.
(2004), Potenza et al. (2010b), andMazzoni et al. (2013)
for a detailed description of the NFS technique and the
underlying model. The value df = 1.75 was observed for
both aggregates of 100 nm and 70 nm polystyrene
spheres, with N spanning over some decades; measure-
ments were taken at several aggregation stages (30, 45,
60 min), and all gave consistently the same results.
Fig. 2 Structure factor obtained by averaging upon rotations and
statistical conformations of 700 simulated monodisperse fractal
structures (N = 1150, Rg = 2.5 μm and df = 1.75), as a function of
the dimensionless ratio of the scattering vector q/2k, where k =
2πn0/λ. The slope gives a fractal dimension df = 1.75, which is in
good agreement with the average df of the population considered
here. The width of the line in the plot (red) indicates the error bars;
the curve superimposes with the expression in Eq. (6) (not shown).
The data is in good agreement with the structure factor given by
Eq. (7) (dashed line), to be compared with the approximation in
Eq. (8) (blue, dash-dotted line)
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In Fig. 3, we show SPES experimental results (gray-
scale histogram) obtained from aggregates. Abscissas
and ordinates correspond to ReS 0ð Þ and ImS 0ð Þj j,
respectively, represented on a log-log scale. The plot is a
two-dimensional (2D) histogram where the greyscale
represents the number of aggregates with a given com-
plex amplitude, S(0). Data are normalized on the max-
imum value of the population. The distribution extends
in the direction parallel to the diagonal of the plot: this
indicates a distribution of the moduli |S(0)| over a range
of more than two decades due to size polydispersity
(Potenza et al. 2015a). The histogram data are very well
described by the fractal model represented by a solid red
line, according to which ImS 0ð Þj j scales linearly with
ReS 0ð Þ. Both the model and experimental data com-
pare nicely with simulations (red squares) referring to a
polydisperse population of in silico fractal aggregates
with the same fractal dimension (df = 1.75). Conversely,
the predictions of the MG model (blue, dashed line) are
clearly not compatible with the experimental data. For
comparison, the fractal models for df = 2 and df = 2.5 are
shown as black and gray solid lines, respectively; all the
other parameters are kept the same.
Moreover, in Fig. 3, we report the predictions of the
model for clusters of uncorrelated monomers (green,
dotted line), which also fails to describe our data. The
corresponding simulations (green circles) are generated
according to the parameters of each fractal structure
reported as red squares, as are the homogeneous
spheres. The scattering of the simulated spheres around
the MG model is due to the slight variability of the
volume fraction calculated from the corresponding frac-
tals. Interestingly, clusters of uncorrelated monomers
fall in between the MG model and the experimental
data, evidencing that increasing the degree of spatial
correlation enhances the effects on Cext. This can be
noted in Fig. 3: on the complex S(0) plane, correlations
cause data points to shift almost horizontally towards
higher values ofRe S 0ð Þ, which in turn is proportional
to Cext. Quantitatively speaking, by not considering
correlations, Cext is underestimated by a factor of ~ 2
on average up to ~ 3 for the largest particles. We stress
that since both the uncorrelated clusters and the fractal
structures exhibit the same volume fraction, they are
identically described by the MG model.
We note that, according to the fractal model for S(0),
the slope of the distribution in Fig. 3 is weakly depen-
dent on the fractal dimension of the aggregates. More-
over, the slope for the fractal model is independent of
the prefactor k0 (see Eq. (3)); hence, data can be com-
pared to the model without any free parameter. This is
not the case for the other models of above: we can
compare the slopes of experimental data and models
by taking advantage of the large polydispersity of the
aggregate population. SPES, NFS, and LALS measure-
ments have been repeated many times, without any
Fig. 3 Experimental results showing the behavior of jIm S 0ð Þj
as a function of Re S 0ð Þ from SPES data (grayscale, 2D histo-
gram) for aggregates obtained with spherical monomers 100 nm in
diameter (a) and 70 nm in diameter (b). The histogram compares
nicely with both the theoretical behavior predicted by our model
(solid red line) and with simulated scattering amplitudes from
fractal structures (red squares). We also report the model referring
to clusters of uncorrelated monomers (green, dotted line) and the
behavior predicted by the MG model (blue, dashed line). Each
fractal structure is associated with a corresponding cluster of
uncorrelated monomers (green circles) and a homogeneous sphere
(blue dots), all characterized by the same set of parameters. The
fractal models for df = 2 and df = 2.5 are shown as black and gray
solid lines, respectively
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outlier ever reported. All our measurements consistently
exhibit (i) accordance with data of the fractal model and
the corresponding numerical simulations and (ii) dis-
crepancies between data and non-fractal models and
the corresponding numerical simulations.
As a second test, we compared the model predictions
to spectral extinction measurements; results are reported
in Fig. 4. We monitored the UV-vis absorbance spectra
of free polystyrene aggregates suspended in water with a
spectrophotometer in the 300–900 nm range, measured
after 120 min from the start of the aggregation. Spectra
were acquired at a resolution of 1 nm andwith a speed of
480 nm/min. The average and standard deviation from
many repetitions are represented by the black solid line
and the gray band, respectively. Adopting the same
parameters as described above, experimental results
are compared to the predictions of our fractal model,
uncorrelated spheres, and MG (red solid line, green
dotted line, and blue dashed line, respectively). The
explicit dependence of the polarizability on wavelength
has been introduced into the model to evaluate Cext(λ)
(Sultanova et al. 2009). We compare the qualitative
behavior of the models to data, focusing on the trend
of the spectral extinction: normalization is a free
parameter related to the sample concentration and size
distribution. Thus, experimental data are arbitrarily nor-
malized to 1 at the lower end of our wavelength range,
while the normalization factor for simulations (red
squares with error bars) is fitted against experimental
data. The fractal model is normalized accordingly with
the same normalization constant, and the other models
are then fitted to match the extinction at the minimum
wavelength, where measurements show the minimum
uncertainties. The numbers in Fig. 4 indicate the nor-
malization factors with respect to the fractal model.
As in the case of the forward scattering data, we
compare results to simulations of fractal structures, av-
eraging different orientations and conformations. Our
model agrees with experimental results overall the
wavelength range and with simulations. The discrepan-
cy of the MG results with our model and experimental
data is evident, further supporting what is observed in
Fig. 3. It is interesting to note, however, that here the
uncorrelated monomers are almost superimposed to
fractals, at variance with the previous case of S(0). This
results from normalizing the curves as explained above,
thus showing the wavelength dependence only. There-
fore, when interpreting the shape of spectral extinction
data, correlations among monomers play a secondary
role compared to the presence of monomers, which
appreciably affects the functional behavior with respect
to the MG model. Conversely, absolute extinction and
number concentration values are more sensitive to the
way particles are organized within the cluster that affects
extinction, as already seen in Fig. 3. Thus, the three
models would provide remarkable discrepancies if the
sample concentration was estimated from spectral ex-
tinction data.
We nowmove on to the results of 90° light scattering,
namely, the dimensionless scattered flux, F(θ) = |S(θ)|2,
integrated over a moderately wide solid angle (0.3 sr
around 90°). We indicate this integral as F(90). We
compare to the expected values obtained by integrating
the static structure factor, S(q). The integration solid
angle adopted to extract the information from the simu-
lations matches the solid angle covered by the sensor in
the experimental setup. We adopted the signal from this
sensor at 90° as a trigger for our SPES instrument. In
Figs. 5 and 6b, data exhibit a lower limit imposed by the
trigger threshold, which was set as low as the noise level
made possible; despite the limited sensitivity of the
experimental setup adopted here, data appear to be in
accordance with the theoretical model.
Fig. 4 Transmission (arbitrary units) of colloidal suspensions
after ~ 120-min aggregation (black, solid line); the gray area
represents the experimental standard deviation. The normalization
factor for simulations (red squares with error bars) is fitted against
data; the fractal model (solid, red line) is normalized accordingly.
The numbers in the figure indicate the normalization factors of the
other models with respect to the fractal model. Uncorrelated
monomers (green, dotted line): 1.8; MG (blue, dashed line): 3.8
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In Fig. 5, a 2D histogram of F(90) as a function of
Re S 0ð Þ is compared to our model (red, solid line);
results agree with simulations (red squares). For
comparison, we also report the corresponding cases for
homogeneous and granular spheres (blue and green
circles, respectively). We note that 90° scattering is
between 2 and 3 orders of magnitude stronger compared
to the MG model for homogeneous spheres, which is
consistent with diffraction theory. Conversely, clusters
of uncorrelated monomers almost superimpose to the
fractal aggregates, which indicate that the 90° scattered
fields of the monomers sum up (almost) irrespectively of
the degree of correlation inside the object. Incidentally,
we note that our results show a simple behavior even in
this case. By integrating the static structure factor over
the total solid angle, we obtain the scattering cross
section, Csca. The normalized phase function is obtain-
ed, by definition, as p θð Þ ¼ S θð Þj j 2
k2Csca
. In our case,
Csca =Cext due to the dielectric nature of the monomers,
and the behavior in Fig. 5 shows F(90) to be directly
proportional to Re S 0ð Þ, hence to Cext. Therefore, p(θ)
is almost constant with aggregate size. For comparison,
the curves for df = 2 and df = 2.5 are shown in black and
gray, respectively; solid lines for the fractal model and
dashed lines for the MG approximation. As it could be
reasonably expected, the latter is the most sensitive to a
change in fractal dimension, whose increase determines
an increase in the particle compactness.
Finally, to provide more evidence of the generality of
our results, we report the results of the model and some
Fig. 5 2D histogram of the experimental results obtained with PS
colloidal fractal aggregates (gray) for the scattered flux integrated
around 90° scattering angle, F(90), as a function ofRe S 0ð Þ. Red
dots, fractals; green circles, granular spheres; blue disks, MG
equivalent spheres. Red solid line, fractal model; green dotted line,
model for clusters of uncorrelated monomers; blue dashed line,
MG model. For comparison, the curves for df = 2 and df = 2.5 are
shown in black and gray, respectively (solid line: fractal model,
dashed: MG)
Fig. 6 (a) S(0) plot as in Fig. 3, experimental results for black
carbon aggregates suspended in water (gray squares) and corre-
sponding best fit for our model (purple, solid line) with df = 1.6
and n = 1.8 + 0.3 i; numerical calculations are reported as purple
squares. The models for homogeneous spheres (MG) and clusters
of uncorrelated monomers are reported as blue dashed and green
dotted lines, respectively. Some additional cases with ranging n
(see figure) are reported for comparison; orange, dash-dotted line:
fractal model, n = 1.41 + i0.42; red, solid line: fractal model, n =
1.53 + i0.84; b) As in Fig. 5, the histogram of F(90) experimental
data is compared with simulations of soot aggregates (purple
squares) and the model (purple, solid line). Interestingly, the latter
curve is also compatible with n = 1.53 + i0.84. The model exhibits
little dependence of F(90) on the fractal dimension (black solid
line: df = 2; gray solid line df = 2.5)
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experimental findings obtained with water suspensions
of black carbon (see Supplementary Material). The fo-
cus here is to demonstrate the general behavior of the
complex scattering amplitudes, i.e., their unit slope in
the complex plane, and show the possibility to roughly
estimate the single scattering albedo (ssa) for the popu-
lation. While we do miss some information about the
properties of these particles, such as their exact size, we
can still use these suspensions as strongly absorbing
fractals for the sake of this specific, additional discus-
sion. We stress that we do not expect to be able to check
our model as comprehensively as above, since this
system is not well characterized as the colloidal fractal
aggregates of calibrated polystyrene beads examined
previously. Nevertheless, the results still give rise to
some insights and prove to be well described in terms
of Eq. (2), giving more insight into the potential appli-
cations of our model when Csca ≠Cext. Moreover, the
case of absorbing particles, especially black carbon, is of
utmost interest in many cases (Hansen and Nazarenko
2004; Kahnert 2010; Kahnert et al. 2012; Massabò et al.
2013). For the optical properties of this material, we
refer to direct measurements performed on samples
similar to those considered here (Biganzoli et al.
2017), and more generally to Bond et al. (1999) and
Bond and Bergstrom (2006). Specifically, small-angle
light scattering showed the asymptotic behavior expect-
ed for fractals.
In Fig.6a, we report the SPES results represented as
in Fig. 3. We note that, compared to the polystyrene
particles studied above, soot aggregates give a distribu-
tion that lays much lower in the S(0) plane, due to
absorption. The qualitative, general behavior predicted
by our model is confirmed: the data follow a trend with
unit slope. By fitting our model to experimental data
(purple solid line), we can estimate the following pa-
rameters: df = 1.6; a=30 nm; k0 = 1.3; and n = 1.8 +
0.3 i . Although we are not able to test each of these
parameters independently, their values agree with data
in recent literature (e.g., see Doner and Liu (2017) and
Sorensen et al. (2018)). The model outlined above is in
good agreement with simulations generated using the
same parameters, shown in Fig. 6a as purple squares.
Moreover, the case of uncorrelated monomers and ho-
mogeneous spheres is well described by our model. As
in Fig. 3, we include the curves referring to the model
with the same set of parameters but a different fractal
dimension, i.e., df = 2 and df = 2.5 (black and gray solid
lines, respectively). We note that, while the former is
still compatible with our data and has a similar slope to
the theoretical curve for df = 1.6, the latter behaved
differently in the S(0) plane due to the very compact
morphology it describes. For comparison, the curves for
organic and amorphous carbon aggregates as in
Sorensen et al. (2018) are also shown (n = 1.41 + i0.42,
orange, dash-dotted line; n = 1.53 + i0.84, red, solid
line); they fall much lower on the S(0) plane and are
not compatible with our experimental data.
We remark that fractals composed of absorbing par-
ticles are reasonably described by the MG model, as
opposed to the purely dielectric case, since the discrep-
ancy between these approaches is much smaller. The
contribution of the absorption cross section, Cabs, to the
total extinction cross section mitigates the effect of
correlations. By varying the imaginary part of the re-
fractive index, we checked that the discrepancy between
the models becomes significant again as absorption
decreases.
A more evident discrepancy can still be found at
larger scattering angles. In Fig. 6b, we compare the
models to the results of numerical simulations for the
power scattered within a 0.3 sr solid angle centered at
90° for black carbon aggregates in water (purple
squares, fractals; green circles, granular spheres; blue
circles, MGmodel). At variance with the dielectric case,
granular spheres are systematically below fractals. As in
Fig. 5, the grayscale histogram in Fig. 6b refers to F(90)
data collected simultaneously to S(0) data from Fig. 6a.
Overall, we note that the model estimations of F(90) are
not in adequate agreement with experimental data.
However, the fractal model combining Eqs. (2) and (8)
gives the correct order of magnitude, while all the other
approaches underestimate data considerably. Given that
extinction is mostly due to absorption, scattering at 90°
is weak compared to the dielectric samples and falls
very close to the lower sensitivity level of the instru-
ment. For the same reason, F(90) is almost independent
of the fractal dimension, as it can be clearly seen in
Fig. 6b: the model with df = 2 and df = 2.5 is reported
as a black and gray solid line, respectively, and is almost
overlaid to the curve for df = 6. Another feature
distinguishing the plot in Fig. 6b from Fig. 6a is that
the fractal model for n = 1.53 + i0.84 (red, solid line)
overlaps with the fractal model for n = 1.8 + i0.3; tests
have shown that the critical parameter for F(90) is the
size of the monomer.
Let us now take an additional step towards the char-
acterization of absorbing scatterers whose Cabs is
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unknown. The total scattering cross section,Csca, can be
obtained by direct integration of S(q) as in Eq. (5).
Therefore, since Cext is known, we can obtain the con-
sequent value for the ssa. From numerical simulations of
black carbon aggregates, we estimate ssa = 0.14 ± 0.02,
compared to ssa = 0.17 ± 0.01 predicted by our model.
Discussion
The light extinction properties of inhomogeneous parti-
cles can be derived in terms of the forward scattering
amplitude, described by a general model based on a
statistical description of the two-point correlation func-
tion of the polarizability within composite particles.
Correlations are introduced by exploiting the structure
factor of the aggregates and the form factor of the
monomers. Specifically, the monomers are approximat-
ed by spherules whose shape can be neglected while
retaining their size and spatial distribution. This ap-
proach corresponds to assume that they fall under the
Rayleigh regime, a case of general interest in a variety of
contexts.
Such a statistical description suits a wide range of
cases. Moreover, since the composition and aggregation
state of particles are imposed by specific physical and
chemical phenomena occurring in the surrounding en-
vironment, the statistical approach can also be effective
in describing the whole cloud, or a relevant fraction of it.
The model in Eq. (2) provides enough constraints to
set the three parameters for radiative transfer models:
Cext, ssa, and g, within the limitations imposed by
assuming a small polarizability. The results of this study
provide evidence that such a description can be extend-
ed to obtain both the extinction and scattering cross
sections and therefore the ssa. We validate the model
both experimentally and numerically with laboratory
and in silico experiments considering the case example
of fractal aggregates, which can be carefully studied in
the laboratory and precisely characterized with several
independent methods. Measuring the complex S(0) has
the advantage that scattering and absorption phenomena
do not need to be modeled separately; hence, it is not
necessary to rely on ad hoc hypotheses to interpret
experimental data. Model predictions are in good accor-
dance with both validation approaches. In the specific
case of fractal aggregates, two general features occur
that contrast with the expectations of models based on
the MFA:
i) Im S 0ð Þ andRe S 0ð Þ are both proportional to the
number of monomers N, while both are almost
independent of the fractal dimension, df.
ii) The scattered intensity at 90° is almost constant
with aggregate size and independent of the fractal
dimension.
Considerable discrepancies are found for Cext and
F(90) when comparing data to models that neglect in-
ternal inhomogeneities, which affect the inversion of
experimental scattering data.
The expansion to second order in polarizability ex-
plains why these effects are hidden in traditional scat-
tering measurements. Im S 0ð Þ is dominated by the
term ~Nαk3. On the other hand, Re S 0ð Þ≪Im S 0ð Þ;
hence, ∣S(0)∣ is weakly affected by the second term in
Eq. (9a). On the contrary, Re S 0ð Þ, and by implication
Cext, is heavily affected by correlations. Several exper-
imental methods were commonly adopted to analyze
nanoparticles, dust, and fine powders measure Cext to
assess the size of nano- and micro-particles in liquid
(AbakusMobilfluid, Klotz GmbH, Bad Liebenzell, Ger-
many), and one of the ISO certification standard for
particles in a liquid is based upon it (ISO21501-
3, 2019). By contrast, optical particle counters (OPC)
for airborne dust (Heim et al. 2008; Goto-Azuma et al.
2017) and liquids typically rely on F(90). Again, ISO
standards exploit this approach (ISO21501-1, 2009;
ISO21501-4, 2018). In both cases, data are interpreted
by modeling particles as uniform spheres, with optical
properties set a priori or through the MG model. The
intercalibration between the two approaches is strongly
affected by the optical properties of particles (Sanford
et al. 2008; Onasch et al. 2015; Simonsen et al. 2018).
When dealing with the light scattered by a collection of
many particles, the typical approach for sizing is to
measure Ss(q) with LALS (Zimm 1948a, b; Carpineti
et al. 1990; Ferri et al. 2004) or to measure spectral
extinction (Ferri et al. 2015). It is worth highlighting
that these methods, when applied alone, are not suffi-
cient to provide the necessary constraints to check the
model predictions: we rely on the simultaneous mea-
surement of both components of the forward complex
field from single particles, thus making the effects of
inhomogeneities evident. This is one of the advantages
of multiparametric analysis on a particle-by-particle
basis.
As reported above, a modified Carr-Hermans method
can be used to estimate Cext(λ) provided that absorption
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in the system is negligible (Ferri et al. 2015). Although
the models for turbidity and the scattering amplitude
stem from two different standpoints, the formal results
are the same. This correspondence reveals a peculiarity
of the relationship between scattering and extinction, as
in Rayleigh and Rayleigh-Gans scattering (Van de Hulst
1981; Bohren and Huffman 2008; Potenza and Milani
2014; Potenza et al. 2015b): the structure factor S(q) and
Csca(λ) can be simply obtained by summing up the
fields radiated by each monomer, whereas evaluating
the extinction requires to introduce the second-order
correlations. For non-dielectric materials, where
Csca(λ) ≠Cext(λ), these two models are not the same.
Nevertheless, even for strongly absorbing materials, the
total absorption cross section can be introduced by
simply adding the sum of the absorption cross section
of the monomers following the Rayleigh-Gans scatter-
ing. This gives good results for extinction, similar to the
results obtained with our model. Therefore, in principle,
it is possible to estimate the (average) forward scattering
amplitude, S(0), for dielectric samples with the approach
adopted in Ferri et al. (2015).
The model predictions and experimental data report-
ed above can also be interpreted in terms of the phase lag
of the scattered wave with respect to the illuminating
field, ArgS(0) (see Supplementary Material). Since
Im S 0ð Þ≫Re S 0ð Þ, the phase lag is essentially given
byRe S 0ð Þ; therefore, ArgS(0) is mainly related to Cext
(Newton 1976; Van de Hulst 1981; Potenza et al.
2010b). Experimental data show negligible changes in
the phase lags across the size distribution and upon the
time evolution. Similar results are obtained systemati-
cally from NFS measurements from the low-q region of
the power spectrum (Mazzoni et al. 2013). For the sake
of argument, if we were to interpret data in terms of MG
approximation, we would obtain a fractal dimension
approaching df = 2, which is appreciably different from
the value df = 1.75 ± 0.05 from both NFS and LALS
(see also Sorensen and Roberts (1997), Sorensen
(2001), and Chakraborti et al. (2003) for more details).
This discrepancy corresponds to the different slopes in
the S(0) plane discussed above and shows that MG leads
to a consistent underestimate of ArgS(0) and Cext(λ).
The implications of the effects described so far affect
several fields. The influence of aerosol on climate bal-
ance and the interpretation of observational data in
astrophysics are just two examples where the role of
optical properties of micrometric particles in radiative
transfer processes is critical. In general, a potential result
of this analysis can be considered the reduction of
computation time required for extended simulations,
especially when the internal mixing changes with time
and the corresponding optical properties must be up-
dated from step to step. Moreover, extending the knowl-
edge of the radiative properties across different wave-
length bands is almost straightforward with our model.
Besides, from a methodological standpoint, the interpre-
tation of data from light scattering (extinction) instru-
ments can be improved; the issue of intercalibrating
different methods, such as those adopted for ISO stan-
dards, might be addressed more successfully or over-
come. Relaxing a priori assumptions about particle ho-
mogeneity has tangible implications in many cases of
industrial interest, research and development, and ad-
vanced process control.
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